The unique role that electric quadrupole transition moments can play in chiroptical interactions has recently been established with twisted light beams. Manifesting a spin-orbit interaction in paraxial light, the engagement of electric quadrupoles in electronic transitions is highlighted in optical phenomena such as absorption, in both chiral and achiral media. However, spin-orbit interactions of light are also well-known in scattering from small particles, and recent exploratory experimental work suggests a chiroptical interaction of this nature in the scattering of optical vortex beams. Using a quantum electrodynamical formulation, such a sensitivity to the handedness of a vortex beam is accounted for in molecular scattering processes.
INTRODUCTION
In the wide realm of optics, the scattering of light is one of the most widely studied physical processes. It is responsible for many familiar optical phenomena in solids and at surfaces such as refraction and reflection, as well as the luminosity of the daytime sky. In molecular Rayleigh (elastic) and Raman (inelastic) scattering, the leading contribution to the rate of scattering comes from electric dipole (E1) interactions, and it is accordingly proportional to the frequency-dependent molecular electric polarizability. However, higher-order multipolar couplings can play an important role that leads to novel physics 1, 2 . Specifically, the inclusion of both magnetic dipole (M1) and electric quadrupole (E2) interactions with the incident field leads of discriminatory scattering rates in chiral molecules, termed circular differential scattering (CDS) 3, 4 . In CDS, chiral molecules scatter left-and right-circularly polarized light at different rates (whereas the leading E1 contribution to scattering is insensitive to the handedness of the incident light). These chiroptical interactions are important for a wide range of spectroscopic techniques, in particular Raman optical activity 5, 6 . Discriminatory interactions between chiral matter and circularly polarized light are the definitive hallmark of a chiroptical interaction. Further examples besides CDS include circular dichroism (CD), optical rotation, and discriminatory forces in optical trapping and binding 7 . All of these rely on an interplay between the handedness of the molecule and light polarization components present within the total light-matter system 8 . The origin of the handedness of molecular matter stems from certain molecules lacking a centre of inversion or plane of symmetry, and thus they differ from their mirror images: as such, they may be denoted either left-or right-handed forms of enantiomeric pairs. For light, the handedness is more commonly associated with spin aspects of the circularly-polarized state: in the optics convention right-handed polarization traces out a helix in a clockwise fashion; left-handed twists anticlockwise as the light propagates towards an observer. Circularly-polarized light has helicity eigenvalues of 1 ± , where the positive sign relates to left-handed light, and the negative sign to right-handed, and it therefore delivers a spin angular momentum (SAM) of ±h per photon on absorption during an electronic transition.
SAM, however, is not the only form of angular momentum light may possess. The study of light's optical orbital angular momentum (OAM) is now an extremely well-established field, and the rate of new physics it is providing is continually increasing [9] [10] [11] [12] [13] . One of the fundamental concepts to have been established is that a beam of light can possess and convey an OAM of ±lh per photon (in the paraxial approximation), where l denotes the topological charge (taking on any integer value from 0 to ∞ ) 14 . The necessary structure for a beam of light to carry this optical OAM is for it to possess a phase factor of e i φ ± l , which traces out a helical structure along the beam axis. The most well-studied form of beam that fits this criterion is a Laguerre-Gaussian (LG) mode, whose azimuthal phase imparts a vortex or twisted structure (necessarily associated with an intensity null in the beam centre). This twist is manifested in the OAM per photon by the ± sign: the light can have either a negative or positive OAM depending, on the direction in which it is twisting.
An obvious question arises: just as the handedness of circularly polarized light produces chiroptical interactions, can the handedness of a twisted beam also produce discriminatory optical processes with matter? An initial answer was first presented nearly two decades ago, quantum electrodynamical theory (QED) being used to conclude that the handedness of a structured light beam should play no role in chiroptical interactions 15 . Provoked by this theoretical work, complementary and supportive experimental observations soon followed, based on experimental conditions assumed by the theory 16, 17 . However, in the last few years, some further experimental studies, looking at systems under different conditions, have shown evidence of the contrary -that in certain circumstances the handedness of twisted light can exert a chiroptical influence. These studies, invoking spin-orbit interactions (SOI) 18 of the incident light, have been able to induce chiroptical effects with OAM by utilizing the helicity-dependent intensity distributions that arise through the SOI of focused non-paraxial vortex beams with circular polarization. Broadening the definition of 'circular dichroism', fundamentally related effects have been identified in non-chiral nanostructures 19 ; effects of a similar kind have also been discovered in achiral atomic matter 20 , chiral mesostructures 21 , and by the use of so-called 'spin-orbit beams' to characterize material chirality 22 . Other studies have investigated the exploitation of plasmonic coupling in material interactions with twisted light to engineer chiroptical effects [23] [24] [25] [26] [27] [28] [29] , with analogous effects proving to be manifest in vortex electron beams 30 , atomic Bose-Einstein condensates 31 and OAM-induced X-ray dichroism 32 . There are also reports of 'magneto-orbital' dichroism, an OAM analogue of magnetic circular dichroism 33 , and the use of stimulated parametric down conversion to produce a dichroic-like effect through direct action of the OAM in an incident field 34 . Studies looking at Mie scattering 35, 36 also suggest that the sign of l in the incident beam is important in these processes, and it has recently emerged that there exists an optical OAM-sensitive transmission rate of LG beams through mouse brain tissue 37 .
Recent QED analyses 38, 39 of single-photon absorption by molecular matter has elucidated an SOI mechanism which delineates how a chiral molecule (and achiral) absorbs a freely-propagating, paraxial Laguerre-Gaussian mode photon with +l at a different rate to that of a photon with −l . In other words, the direction a vortex beam is twisting alters the absorption rate. A number of key general physical principles were discovered in these recent treatments, and these will be utilised in the present analysis that now specifically addresses scattering, rather than absorption. The most important is the role that electric quadrupole transition moments play in chiroptical interactions with a sensitivity to the topological charge of a vortex beam.
SCATTERING THEORY
To begin our analysis of the scattering of twisted light by chiral molecules we write the interaction Hamiltonian as 
where, for a molecule ξ positioned at ξ R , μ is the transition electric dipole (E1) moment operator; Q is the transition electric quadrupole (E2) operator and m is the transition magnetic dipole (M1) moment operator: the final term in (1) is the leading order diamagnetic interaction term, and ( ) α ξ q is the position vector of an electron α possessing a charge e with mass m. This is the Power-Zienau-Woolley (PZW) quantum interaction Hamiltonian, which couples the molecular transition moments with the fundamental electromagnetic field. Since it does not depend on any gauge potentials, it is inherently gauge-invariant. This, along with the fact all Coulombic interactions are already taken account and causality is accounted for, makes the PZW Hamiltonian the most widely utilised Hamiltonian in modern optical studies 40 . As has previously been established 38 , in the ensuing calculations we are required to include the E2 interactions in our calculations if we wish to observe a sensitivity to the sign of the topological charge in an optical interaction. The same work also highlights that we may also neglect the M1 interactions for our purposes here of finding the leading-order contribution to any potential discriminatory processes dependent on the sign of l . Although in any multiphoton process the diamagnetic term should be included along with the M1 response to yield gauge-invariant results 41 , in standard twophoton scattering it cannot play any role in chiroptical phenomena for twisted light as it doesn't allow for an E2 interaction. As such, we need only deploy the electric field mode expansion for Laguerre-Gaussian light cast in the paraxial approximation. It emerges as the following function of the cylindrical coordinates: the off-axis radial distance r, axial position z and azimuthal angle φ : In the following analysis we will restrict ourselves to Rayleigh scattering, with the foresight that the results are then also readily manipulated to account for inelastic Raman scattering. (For Raman scattering, the process engages the derivatives of the various scattering tensors, with respect to the normal coordinates of molecular vibration). At the fundamental level, either form of scattering is a two-photon event, and therefore second-order time-dependent perturbation theory is to be implemented, where the interaction Hamiltonian acts upon a system of n photons in the mode , where the scattered photon is in the mode ( )
. To produce the leading order chiroptical interaction with a potential dependence on topological charge, we require the time-order diagrams in Figure  1 : these Feynman graphs will produce the E1E2 matrix element. Since the interaction involves quadrupole couplings, to calculate the matrix element requires determination of the gradient of the electric field. This has previously been calculated for Laguerre-Gaussian modes 39 and is given as follows:
( ) 
Clearly, for our purposes we are only interested in the first term of the middle term that depends on the sign of l . Therefore in the ensuing matrix element calculation we neglect the other three terms, concentrating specifically on the (4) where the A, B, C, and D terms are the corresponding contributions from the Feynman graphs in Figure 1 . We now define a frequency-dependent electric dipole-quadrupole polarizability with kl-index symmetry as
allowing the full (E1 2 + E1E2) matrix element to be written succinctly as:
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In (6) we have now included the dominant E1E1 contribution to the scattering rate, which simply involves the inclusion of the frequency-dependent electric dipole-dipole molecular polarizability tensor ( ) ik α ω . As we are only interested in the terms that show a linear dependence on l (and hence its sign), in the ensuing implementation of the Fermi rule that involves the modulus square of the matrix element we can neglect the E1E1 and E2E2 coupling terms, specifically concentrating on the E1E2 terms to reveal the sought new physics. This is justified on the basis that the E1E1 terms reveal no new physics, whilst the E2E2 terms are typically about 10 -6 smaller than the E1E1 terms, and 10 -3 smaller than the E1E2 terms.
Taking the above into consideration, the rate of E1E2 scattering is calculated using Fermi's Rule:
Since expression (7) as it stands includes a factor of the imaginary i, to secure a real result and thus an observable scattering rate we need to use either circular or elliptical polarization: the result is null for linearly polarized light. For our purposes here we entertain circularly polarized light, and the following differential rate is secured with the aid of the identity ( )
where kmn ε is a Levi-Civita totally index-antisymmetic tensor. By isolating the term that only depends on l , we can explicitly highlight the SOI taking place, identifiable through the following contribution to the scattering rate: The rate (8) in its current form corresponds to a molecular system that has positional order, either total or partial. This total (or partial degree) of order has proven to be another key criteria in discriminatory absorption of twisted photons by chiral media. However, it will now be shown that in the scattering of twisted photons by chiral molecules, a chiroptical effect still manifests even in isotropic systems. To secure a result applicable to liquids and gases, we require the total rotational averaging of (8) to yield the scattering rate for an isotropic molecular system. The required spatial averaging of the fifth-rank tensor ik jml A α involves the I (5) scheme 43 :
in which angular brackets denote averaging, and Latin and Greek indices refer to space-fixed and molecule-fixed frames, respectively. Carrying out the average, the total rate for N molecules, including the density of final states f ρ from the full Fermi rule, is given as
Gaussian light. The final term in square brackets, with its linear dependence on l (and therefore its sign), represents the new differential scattering interaction. For a given molecular handedness, the scattered radiant intensity is therefore different for an incident LG beam with +l (left-handed) as opposed to −l (right-handed) twist. Equally, for fixed l , changing a chiral molecule to its corresponding enantiomer will also change the sign of the difference of scattered intensity through A λμ νλσ α changing sign. At this stage we note that for the complete result, E1M1 interactions may also be included, as we shall demonstrate in subsequent work. However, since the electric quadrupole terms are specifically sensitive to the phase gradient of the incident electromagnetic radiation, the result as presented here should represent the leading result for high-value topological charge.
SCATTERING GEOMETRY
The equation for scattered radiant intensity can be further manipulated for experimental application by introducing a scattering geometry as shown in Figure 2 . The polarization of the scattered radiation can be resolved by looking at two orthogonal polarizations -one in the plane of the scattered wave vector and the incident polarization, and the other perpendicular to the plane. To proceed we make use of the following coordinate transformationˆˆŝin cos x y φ φ φ = − + , which allows the scattered radiant intensity to be written as; ( ) ( ) ( ) ( ) ( ) ( ) ( )
